MTH 295

Fall 2019

Homework 2

Due Thursday, 9/19 Name:
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2) Solve the IVP E}: b 5
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3) In class we solved the IVP X = kx, x(0) =X, and found that the solutions are always

exponential. One situation where this is unrealistic is population growth. Populations don't
grow without bound. They are constrained by crowding, food supply, etc. A simple model that

s X
captures this limited growth is the IVP X = kx (1 = X[—), x(0) =x, where x = x(?) isthe

population at time £, £ > 0 is the growth constant, and N is called the carrying capacity of
the environment.

We can sometimes say a lot about behavior without actually solving an equation. In fact, it is
frequently impossible to find a solution but possible to at least determine behavior. Without
solving the IVP, show the following.

a) If x=0 then x=0 forall # and thus x=0 forall ¢.
tf X=0 them X =lloy(1-0) =0 amd X = constamt =0 for ol ¥,

b) If x =N then x=0 forall f and thus x =N forall ¢.
L A=A on A 2l (1= 52 0 and K= cuBlank = N por ol

c) If x << N then the problem reduces to the simpler problem of exponential growth that we
did in class and thus the growth should be exponential for at least small £.
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d) If 0<x < N there will be growth.
% OLALHN Q:TU) (1-%) >0 amd

’

%:k_x(lf%> >0 bdo e QQ~\K0“"{&\,

e) If x> N there will be decay.
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f) Solve the initial value problem. Notice the equation is separable. You can write the solution
x(?) as an explicit function of ¢.
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g) Using d-field, construct the direction field of X(t) vs t for X,t >0 and include a few

solutions to verify all of the behavior that you found on the previous page. In particular, include
large enough t to capture the behavior. You should find that all solutions eventually approach

X =N for sufficiently large t (unless, of course, X, = 0). Thus the name "carrying capacity".

You'll have to choose some different values for the parameters K and N so go ahead and play
around. Your choices should not change the qualitative behavior.
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